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Introduction
In civil engineering, the use of fiber reinforced polymer (FRP) materials is becoming more and more popular due to their noteworthy advantages of high corrosive resistance and high strength [1] . Extensive efforts have recently been made to examine the overall behavior of FRP-reinforced and strengthened concrete members [2] [3] [4] [5] . In the field of external prestressing, FRP composites are promising to be widely used as external tendons for the rehabilitation and construction of various engineering structures. Among the FRP composites, carbon FRP (CFRP) is recognized as an ideal material to replace the conventional prestressing steel. Previous theoretical [6] and experimental [7] studies indicated that external CFRP and steel tendon beams exhibit very similar structural behavior.
In engineering practice, the application of external tendons in continuous concrete beams is rather common. It is well known that the redistribution of moments takes place when a continuous concrete beam begins to assume inelastic behavior. A reasonable consideration of the moment redistribution is important for the flexural strength analysis and design of the continuous beams. Over past years, a number of works have been performed to study the moment redistribution behavior and the factors affecting the redistribution of moments in reinforced [8] [9] [10] [11] and bonded prestressed concrete beams [12] [13] [14] . However, the studies of the redistribution of moments in continuous concrete beams prestressed with unbounded or external tendons, particularly FRP tendons, are very limited [15, 16] . The redistribution of moments is linked to the ductile behavior of concrete beams. Because of the brittleness of the FRP materials and unbounded nature of external tendons, the concrete beams prestressed with external FRP tendons may exhibit different moment redistribution behavior compared to the conventional concrete beams. As a consequence, the current rules related to the moment redistribution in conventional concrete beams may not be applicable to the external FRP tendon beams. This paper presents a numerical investigation conducted to evaluate the redistribution of moments in two-span continuous prestressed concrete beams with external CFRP tendons at the ultimate limit state. The results obtained from the finite element analysis (FEA) are compared with those obtained from various codes. A wide range of factors are examined, including the content of non-prestressed tension steel, eccentricities of external tendons at midspan and center support, amount of external tendons, effective prestress, span-to-height ratio, concrete strength, CFRP tendons elastic modulus and type of loading. Based on the results of the parametric analysis, a reasonable simplified equation including the most important parameters for the calculation of the amount of moment redistribution at ultimate is proposed.
Measurement of moment redistribution and codes of practice
Several approaches have been used to measure quantitatively the amount of moment redistribution in a statically indeterminate structure. One of the approaches was based on a plastic adaption ratio (PAR) defined by [17] / col pl
where P col is the actual ultimate load; and P pl is the ultimate load calculated by a 4 plastic analysis. PAR = 1 indicates full redistribution of moments.
Some investigators [18] defined the plastic adaption ratio using three ultimate loads as follows:
where P el is the ultimate load calculated by an elastic analysis. PAR1 = 0 (P col = P el ) corresponds to zero redistribution, while PAR1 = 1 (P col = P pl ) corresponds to full redistribution.
Cohn [19] defined the degree of moment redistribution by
where M is the actual moment; M e is the elastic moment calculated based on the theory of elasticity. β = 0 indicates nil redistribution. This definition is adopted by various codes. In calculating the design moments in continuous flexural members, the codes allow designers to take advantage of a linear analysis with an adjustment of the elastic moments through the use of the degree of moment redistribution β. However, the empirical equations for calculation of β in various codes are quite different.
In the ACI code [20] , the degree of moment redistribution for prestressed concrete beams with sufficient bonded reinforcement is calculated using the net strain in extreme tension steel ε t by (%) 1000 t β ε ≤
with a maximum of 20%. Also, the moment redistribution can be done only when ε t is not less than 0.0075 at the section where the moment is reduced.
The CSA code [21] indicates that the negative moment calculated by an elastic the geometric nonlinearity. The following basic assumptions are adopted in the analysis:
(1) A plane section remains plane after deformations; that is, the strain distribution across the depth of a concrete section is linear.
(2) Non-prestressed steel completely bonds with the surrounding concrete; that is, the strains between bonded reinforcement and concrete are perfectly compatible.
(3) The frictions between deviators and external tendons are negligible. This simplification may lead to a higher predicted stress increase in external tendons at the initial loading stage. After cracking, the tendon stress increases quickly, so the effect of friction loss on the response of load versus tendon stress increase tends to diminish with increasing load up to the ultimate.
(4) The shear deformation is negligible. This simplification is reasonable for slender beams such the ones used for prestressed concrete beams.
The constitutive laws for materials used in the current analysis are as follows:
The stress-strain relationship for concrete in compression suggested by Hognestad [26] is adopted. It is composed of a parabolic ascending branch and a linear descending branch as shown in Fig. 1(a) , and is expressed as follows:
for ascending branch,
for descending branch,
where σ c and ε c = concrete stress and strain, respectively;
' c f = concrete cylinder compressive strength; ε 0 = 0.002; and ε u = 0.0038. The concrete in tension is assumed to be linear elastic up to cracking, followed by linear descending stress-strain behavior up to zero stress, as shown in Fig. 1(b) where f t = concrete tensile strength and ε cr = cracking strain. The CFRP prestressing tendon is linear elastic up to rupture, as shown in Fig. 1(c) where σ f and ε f = CFRP tendon stress and strain, respectively; f f = CFRP tensile strength; and E f = CFRP modulus of elasticity. The non-prestressed steel is assumed to be elastic-perfectly plastic in both tension and compression, as shown in convergence. During the solution process, when the concrete strain at the extreme compressive fiber of the critical section reaches the allowed maximum strain, the beam is assumed to be crushed. 8 The proposed method of analysis is capable of predicting the structural behavior of externally prestressed concrete beams, both simply supported and continuous, over the entire loading range up to the ultimate. The model has been calibrated using a large number of experimental beams available in literature. The comparison between numerical predictions and experimental results for continuous external tendon specimens was reported in Lou et al. [27] , where the predicted load-deflection response and stress increase in external tendons were shown to be in favorable agreement with the experimental ones.
Parametric study
A two-span continuous prestressed concrete rectangular beam with external CFRP tendons, as shown in Fig. 2(a) , is used as a reference beam for the parametric analysis. presented in the following sections of this paper are for the critical negative moment (center support) section of the beams at the ultimate limit state.
Effect of non-prestressed steel area
The effect of non-prestressed steel area is examined by varying A s2 from 360 to 2280 mm 2 and maintaining the A s2 /A s1 ratio at 0.8. Figure both geometric and material nonlinearities are considered. On the other hand, in the calculation of M e , all the materials are assumed to be linear elastic while the geometric nonlinearity is taken into account. In order to obtain the elastic moment M e , the ultimate load corresponding to the actual moment capacity M is applied and the incremental load method is employed to solve the equilibrium equations. A summary of results in relation to moment redistribution for different amounts of non-prestressed steel is given in Table 1 .
From Fig. 3 and Table 1 , it is seen that, according to the FEA predictions, the β value increases with increasing A s2 up to 1800 mm 2 and then gradually decreases with continuing increase of the steel area. This observation can be attributed to the combined effects of ductility and stiffness difference between critical sections. When A s2 (A s2 /A s1 = 0.8) increases, the flexural ductility tends to decreases (the less the ductility, the lower the moment redistribution) while the stiffness difference between critical sections enlarges (the larger the stiffness difference, the higher the moment redistribution). Therefore, if the effect of stiffness difference transcends the effect of ductility (for A s2 increased up to 1800 mm 2 ), the moment redistribution increases; on the other hand, if the effect of ductility prevails against the effect of stiffness difference (for A s2 increased beyond 1800 mm 2 ), the moment redistribution decreases.
It is also observed that, according to the predictions by various codes, the moment redistribution consistently decreases as the amount of non-prestressed steel increases.
This implies that the codes accounts for the section ductility only, neglecting the stiffness difference between critical sections. As a consequence, the code predictions fail to reflect accurately the actual trend of the variation of β with the amount of non-prestressed steel. In this analysis, it is seen that EC2 and the CSA code are non-conservative particularly at a low amount of non-prestressed steel, while the ACI code is generally conservative.
Effect of A s2 /A s1
The effect of A s2 /A s1 is examined assuming a minimum non-prestressed steel (A s1 Fig. 4(b) and Table 1 .
It is observed from Fig. 4(a) On the other hand, for a minimum non-prestressed steel over midspan (A s1 = 360 mm 2 ), all the codes are non-conservative, particularly at high values of A s2 /A s1.
Effect of midspan and center support tendon eccentricities
To study the influence of tendon eccentricities on the degree of moment redistribution, four levels of the midspan eccentricity e 1 or center support eccentricity e 2 are selected: 0, 100, 200 and 300 mm. The variation of β with the midspan or center support tendon eccentricity is shown in Fig. 5(a) . A comparison between the β values predicted by FEA and various code equations is illustrated in Fig. 5(b) and Table 2 .
It is observed from Fig. 5(a) that the β value increases with the increase of e 1 but decreases with increasing e 2 . The decreasing rate is much more significant than the increasing rate. The β value increases by 18.5% as e 1 increases from 0 to 300 mm, while decreases by 44.72% as e 2 increases from 0 to 300 mm. The important influence of the tendon eccentricity is partly attributed to the change in the stiffness difference between critical midspan and center support sections, and partly attributed to the change in secondary moments, which is mainly controlled by the profile of the prestressing tendons.
From Table 2 , it can be observed that the change in the values of ε t and c/d with varying e 1 is negligible, indicating that the effect of the variable e 1 is not included in all code equations, as can be seen in Fig. 5(b) . On the other hand, as e 2 increases, the value of ε t remains almost unchanged while the value of c/d quickly decreases. In fact, Table 2 , it can also be observed that the effect of the variable e 2 is neglected in the ACI code, while it is incorrectly included in the CSA code and EC2 because the trend predicted by these code equations is opposite to the actual trend by FEA. In addition, the ACI code is conservative while EC2 is non-conservative. The CSA code may be non-conservative for low levels of e 1 or high levels of e 2 .
Effect of tendon area and effective prestress
The tendon area A p and effective prestress f pe are two variables that determine the For different levels of A p and f pe , a comparison between the β values by FEA and various code equations is illustrated in Fig. 6(b) and Table 3 . It is observed in Table 3 that as A p or f pe increase, the value of ε t gradually decreases while the value of c/d
increases gradually. As a consequence, all the codes take into account the effect of these variables, as shown in Fig. 6(b) . It can also be seen that the ACI code is conservative, while EC2 is non-conservative except at a very low level of N pe . The CSA code may be non-conservative at high levels of N pe . not take place at ultimate due to softening load-deformation behavior during the loading process. For example, for L/h of 33.33, the maximum redistribution of moments, occurred at the maximum load, is 17% higher than the redistribution at ultimate, as shown in Fig. 7(a) . Provided that there is no softening behavior, a higher span-to-height ratio produces an obviously higher redistribution at ultimate, while a lower concrete strength leads to a slightly higher redistribution. However, a long beam with lower concrete strength may exhibit softening load-deformation behavior, hereby causing lower redistribution at ultimate compared to the one with higher concrete strength, as shown in Fig. 7(a) . and various code equations is illustrated in Fig. 7(b) and Table 4 . It is observed from Table 4 that as L/h increases, the value of ε t gradually increases while the decrease in c/d is negligible, provided that there is no softening load-deformation behavior.
Effect of span-to-height ratio and concrete strength
Therefore, the effect of L/h is reflected in the ACI code but neglected in the CSA code and EC2, as shown in Fig. 7(b) . It is also observed that a higher concrete strength leads to a higher value of ε t and a lower value of c/d, hereby causing higher redistribution according to the code equations. However, this is opposite to the fact that a higher concrete strength produces a lower redistribution as discussed previously.
In EC2, the effect of concrete strength is considered using Eq. (6a) for normal-strength concrete and (6b) for high-strength concrete. It is also seen that the ACI code is conservative while EC2 is non-conservative. The CSA code may be non-conservative for a low level of L/h.
Effect of CFRP elastic modulus and load type
The CFRP composites cover a wide range of modulus of elasticity which may vary from 80 to 500 GPa [23] . In this study, four levels of the CFRP tendon elastic modulus E f are selected, namely, 80, 147, 270 and 500 GPa. The corresponding tensile strengths f f are 1440, 1840, 2160 and 2500 MPa, respectively. Figure 8(a) shows the variation of β with the CFRP modulus of elasticity for center-point loading and uniform loading. It is observed that the β value decreases slightly as E f increases. In addition, uniform loading mobilizes an obviously higher redistribution compared to center-point loading. In this analysis, the β value for uniform loading is about 1.4 times that for center-point loading.
For different levels of E f and different types of loading, a comparison between the β values predicted by FEA and various code equations is illustrated in Fig. 8(b) and Table 5 . It is observed in Table 5 that the variable E f affects the values of ε t and c/d.
The load type also influences the value of ε t but has null effect on the value of c/d. As a consequence, the effect of the variable E f is considered in all the code equations, while effect of the load type is considered in the ACI code but neglected in the CSA code and EC2, as illustrated in Fig. 8(b) . In this analysis, the ACI code is conservative, but may be over-conservative when uniform loading is used. EC2 is non-conservative, particularly for center-point loading. The CSA code may be non-conservative in the case of low CFRP modulus of elasticity and center-point loading.
Proposed equation for calculating the degree of redistribution
Among various factors examined in the parametric study, the A s2 /A s1 ratio is found to be a leading parameter affecting the moment redistribution. The results presented in (see Table 1 ). This indicates that the moment redistribution depends on not only the ductility of one critical section as reflected in the code equations, but also on the structural characteristics of the whole beam. In addition, the parameter ε t (adopted by the ACI code) seems to be better than the parameter c/d (adopted by the CSA code 
Conclusions
Based on the parametric study conducted on two-span continuous concrete beams prestressed with external CFRP tendons, the following conclusions regarding the redistribution of moments at ultimate can be drawn:
(1) The A s2 /A s1 ratio is one of the most important factors affecting the moment redistribution. The variation of moment redistribution with the amount of non-prestressed steel depends on the combined effects of ductility and stiffness difference between critical sections. Present numerical test Zhou and Zheng [15] Proposed equation 
